Abstract. Using vertical and complete lifts, any left invariant Riemannian metric on a Lie group induces a left invariant Riemannian metric on the tangent Lie group. In the present article we study the Riemannian geometry of tangent bundle of two families of Lie groups. The first one is the family of special Lie groups considered by J. Milnor and the second one is the class of Lie groups with one-dimensional commutator groups. The Levi-Civita connection, sectional and Ricci curvatures have been investigated.
Introduction
Suppose that M is a real m−dimensional differentiable manifold. For any vector field X on M , the infinitesimal generator of the one-parameter group of diffeomorphisms ψ t (y) := y + tX(x), ∀y ∈ T x M , is a vector field on T M which is called the vertical lift of X and is denoted by X v . Let φ t be the (local) one-parameter group of diffeomophisms defined by X on M . The infinitesimal generator of T φ t : T M −→ T M , is called the complete lift of X and is denoted by X c (see [2, 5, 7] ). For any two vector fields X, Y on M the Lie bracket of vertical and complete lifts of them satisfy the following relations (see [5, 7] ):
can define a left invariant Riemannian metric g on T G as follows:
where X, Y are arbitrary left invariant vector fields on G.
In [4] , Milnor considered a special class of solvable Lie groups (we denote this family by G 1 ).
By definition a non-abelian Lie group G belongs to G 1 (or it is called a special Lie group) if for any x, y ∈ g, [x, y] is a linear combination of x and y, where g denotes the Lie algebra of G. Milnor showed that if g has this property then there exist a commutative ideal u of codimension 1 and an element b ∈ g such that [b, x] = x for any x ∈ u.
In [4] it has been shown that if G ∈ G 1 , then every left-invariant Riemannian metric on G has negative constant sectional curvature. This result generalized to left-invariant Lorentz metric by K. Nomizu (see [6] ). He proved that every left-invariant Lorentz metric on a special Lie group G is of constant sectional curvature depending on choice of left-invariant Lorentz metric may be positive, negative, or zero. Another interesting family of Lie groups is the class of Lie groups with one-dimensional commutator groups (we denote it by G 2 ). The Ricci curvatures of such Lie groups, equipped with left invariant Riemannian metrics, have been studied by V. Kaiser (see [3] ).
In the previous work [1] , we have studied the Riemannian geometry of the tangent Lie group (T G, g). In this paper we study the sectional and Ricci curvatures of the manifolds (T G, g) where G belongs to the families G 1 and G 2 equipped with any left invariant Riemannian metric g.
2.
Sectional and Ricci Curvatures of T G Where G Belongs to G 1
Suppose that (G, g) is an arbitrary finite dimensional Riemannian Lie group. In [1] , we showed that for any x, y ∈ g the Levi-Civita connection of the lifted left invariant metric g on T G can be computed by the following equations:
Let G ∈ G 1 be a Lie group equipped with an arbitrary left invariant Riemannian metric g. Suppose that u is its commutative ideal of codimension 1. Similar to [6] , it can be shown that there exists a vector b ∈ g orthogonal to u (with respect to the inner product induced by g on g) such that [b, x] = x for any x ∈ u. Then we can see for every x, y ∈ u we have:
where λ = g(b, b). Now for the Levi-Civita connection of (T G, g) we have the following lemma:
Lemma 2.1. Let G ∈ G 1 be a special Lie group, g be its Lie algebra and g be any left-invariant Riemannian metric on G. Suppose that g is the left-invariant Riemannian metric on T G induced by g as above, and ∇ is the Levi-Civita connection of (T G, g). Then for any x, y ∈ u we have:
where
Proof. Direct computations show that for every x ∈ u we have:
The substitution of the above formulas in 2.1 completes the proof.
The curvature tensor of a Riemannian manifold by definition is
The following lemma is a direct consequence of 2.1 so the proof is omitted. Lemma 2.2. If R denotes the curvature tensor of the Riemannian metric g then, with the assumptions of lemma 2.1, for any x, y, z ∈ u we have:
Now by using the above lemma we can prove the following theorem about sectional curvature. 
Proof. It is a direct consequence of substituting of the relations 2.6 in the sectional curvature formula.
Corollary 2.4. Although the special Lie group (G, g) has constant negative sectional curvature but (T G, g) obtains positive, negative and zero sectional curvatures.
Let {u 1 , · · · , u n } be an orthonormal basis for the Lie algebra g, with respect to the inner product induced on g by g. Then the Ricci tensor is defined by
The following theorem gives us the Ricci tensor of (T G, g). 
Proof. It is easy to apply lemma 2.1 in Ricci tensor formula.
Sectional and Ricci Curvatures of T G Where G Belongs to G 2
In this section we consider the family of Lie groups with one-dimensional commutator group, G 2 . Let G ∈ G 2 be a Lie group equipped with any left invariant Riemannian metric g, and G ′ be its one-dimensional commutator group. Suppose that g and g ′ are the Lie algebra and the one-dimensional commutator algebra of G and G ′ , respectively, and assume that e is any unit vector belongs to the ideal g ′ with respect to the inner product induced by g on g. Let Γ be the orthogonal subspace to the vector e with respect to g and φ : Γ −→ R be the linear function defined by [x, e] = φ(x)e, for any x ∈ Γ. Then there exists a unique element a ∈ Γ such that φ(x) = g(a, x), for each x ∈ Γ. So we have (3.1) [x, e] = g(a, x)e, ∀x ∈ Γ.
On the other hand there exists a skew-symmetric bilinear form B on Γ such that [x, y] = B(x, y)e for any x, y ∈ Γ. Therefore there is a unique skew-adjoint linear transformation f : Γ −→ Γ such that B(x, y) = g(f (x), y) for each x, y ∈ Γ. So we have:
Lemma 3.1. First of all we derive the sectional curvature of based Lie group. For the sectional curvature of (G, g) we have:
where {x, y} is an orthonormal set and f (x) 2 := g(f (x), f (x)).
Proof. With the above notations for any x, y ∈ Γ the Levi-Civita connection of the Riemannian manifold (G, g) satisfies the following equations (see [3] ).
∇ e e = a,
Now it is sufficient to use sectional curvature formula.
Similar to the previous section in this step we compute the Levi-Civita connection of tangent Lie group. Lemma 3.2. Let G ∈ G 2 , g be its Lie algebra and g be any left invariant Riemannian metric on G. Suppose that g is the lifted Riemannian metric on T G as considered in the section 1 and ∇ is the Levi-Civita connection of (T G, g). Then for any x, y ∈ Γ we have:
Proof. Easily we can see ad * e e = −a, ad * x e = g(a, x)e + f (x), ad * e x = ad * x y = 0. (3.6)
Proof. Suppose that g is the Lie algebra of G and {u 1 , ..., u n } is an arbitrary orthonormal basis of Γ such that {u 1 , ..., u n , e} is an orthonormal basis for g. Let r( x) = R( x, x) be the Ricci curvature in direction x. Then lemma 3.3 together with some computations show that:
r(e c ) = −g(a, a) − 1 2
So G is of non-positive Ricci curvature.
